










The Dyson-Schwinger equation for a model with instantons {
the Schwinger model*
C. Adam
Institut fur Theoretische Physik
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Abstract:
Using the exact path integral solution of the Schwinger model { a model where instantons are
present { the Dyson-Schwinger equation is shown to hold by explicit computation. It turns out
that the Dyson-Schwinger equation separately holds for every instanton sector. This is due to
 invariance of the Schwinger model.
PACS{No 11.10 Mn : : :Field theory, Schwinger source theory
PACS{No 11.15 Tk : : :Gauge eld theories, other nonperturbative techniques





The Schwinger model (SM), which is QED
2
with one massless fermion, is known to be exactly
soluble ([1]), and explicit solutions within the operator formalism ([2]) and the path integral
(PI) approach ([3], [4], [5], [6], [7], [8]) are wellknown. Further instantons and an instanton
vacuum have to be present in the SM in order to obtain a consistent quantization ([7], [8]). So
the question of whether there is a modication of the Dyson-Schwinger (DS) equation ([10], [11],
[12]) when an instanton vacuum exists may be answered by explicit calculation in the SM. On
one hand we will compute that for the trivial sector (instanton number k = 0) the DS equation
holds as it must be. On the other hand it will turn out that the DS equation even holds for
the nontrivial sector k 6= 0. More precisely it holds separately for every instanton sector k.
So, at least for the model at hand, the DS equation may be extended to the case where the
true vacuum is not the perturbative one but an instanton or  vacuum. The reason why every
instanton sector separately fullls the DS equation is related to the  invariance of the SM, as
we will discuss below.
Our computations are done in at Euclidean space E
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The abelian gauge eld A














where e is the dimensionfull charge. The gauge xing  = 0 is chosen in the sequel. , which is
the dynamical part of A
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F (x) = k 2 Z: (3)
































The vacuum functional has to be summed over all k instanton congurations,
Z[J
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When one separates the zero modes of the Dirac operator and integrates out the fermions, the
resulting expression for the vacuum functional leading to the correct quantum theory of the SM




































































G(x; y) is the exact fermion propagator,


































which has the Green's function ([7], [8])
G(x  y) = (D(; x  y) D(0; x  y));
D
x
G(x  y) = (x  y); (12)






in (7) is a zero mode of the Dirac operator with respect to the gauge eld

. It may be





































































; k > 0 ; i
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; k < 0 ; i
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The general derivation of the Dyson-Schwinger (DS) equations for QED starts with the obser-







































Inserting the Dirac equation in (15) or the Maxwell equation in (16), performing derivatives
with respect to the sources and setting the sources equal to zero at the end results in equations
for the exact n-point functions of the theory - the DS equations.
Now the only nontrivial vacuum expectation values (VEVs) of the SM involving instan-
ton contributions are VEVs of products of (pseudo)scalar currents ([3], [7], [8]). The Maxwell
equations however generate only gauge eld and vector current correlators, so they are not in-
teresting for the problem which we want to discuss - the DS equations in an instanton vacuum.
Therefore it suces to work with equation (15), which is the quantum analog of the Dirac
equation.
The simplest nontrivial DS equation is obtained from (15) by performing three fermion
source derivatives, resulting in an equation between fermionic two- and four-point functions. In
the explicit calculation of this DS equation we will observe a cancellation mechanism between
dierent Green's functions that may be easily generalized to higher n-point functions. So it is
enough to deal with this DS equation (another reason for doing the computation for the four-
point function is its importance for a Bethe-Salpeter analysis of the SM, which will be done in















































where the vertical line indicates that the sources have to be set equal to zero after the dieren-



















































































































Next we must remember that for a VEV of n fermions and n antifermions instanton sectors
up to k = n contribute ([3], [7], [8], see formula (7)). So for the term A k = 0;1 will be
important, and for B;C k = 0;1;2.
Further the general spinor structure is important in the DS equation only for the indices
; ;  belonging to the x
i
variables, on which the DS equation acts. We therefore may focus on
4the scalar component  =  for the y
i
variables without loss of information (remember that only
scalar components are important for instanton eects). This will simplify the computations and
is xed in the sequel.
Now we are ready to start the computations. We will do them separately for k = 0;+1;+2
( 1 and  2 are analogous to +1, +2) and nd that the DS equation (17) separately holds for
every instanton sector.
Computation for k = 0
Using (7) and (8) we get for the term C
0

















































































where the rules of Grassmann dierentiation have been used. With G



















































and, introducing the real eld 
0





























































































where we used the Leibnitz rule for the cosh and the fact that in the Gaussian PI only even












































The computation of B
0













acting on the whole four-point function (see (19), (20)). Introducing again a




























































































, whereas the second one results in a two-point function
that will cancel A
0
of (18) as we now shortly compute.
Keeping  real from the very beginning we nd (because we xed  =  again the rst term






















































which indeed cancels the rest of B
0
in (29).
So the DS equation is separately fullled for k = 0, which however is the perturbative
vacuum. Therefore this result is not too surprizing.
Computation for k = 1
We compute the case k = +1, k =  1 is nearly identical. In formula (7) now one zero mode is









































































































































































= 0 in the rst term is zero. Inserting for the G formula (9), transforming the
zero modes like in (13) and introducing the zero mode projectors (see (14))
S





















































































































































































































































































































Here the rst two terms in (34) may be treated in a way identical to that for the k = 0 case





and keeping track of even  powers only, look like cosh(: : :)  cosh(: : :) and
sinh(: : :)  sinh(: : :) respectively. However by using the formulae
cosha cosh b =
1
2
(cosh(a+ b) + cosh(a  b));
sinh a sinh b =
1
2
(cosh(a+ b)  cosh(a  b)); (35)
they may be brought into standard form. Besides, these two terms, being proportional to 1 and
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For the computation of B
1































































































































































































































































































































































which we wanted to prove.
The computation for k =  1 is analogous.
Computation for k=2


















































































































































































































































































































































































Further there is no contribution from k = 2 to the two-point function in A, (18), so (43) and

























































































































We showed the DS equation to hold for the simplest nontrivial case, the fermion four-point
function. For the model at hand it is however easy to generalize the result to higher n-point
functions.
To study the DS equation in an instanton vacuum it remains enough to consider scalar





on which the DS equation acts. Therefore the spinor structure reduces to simple






)) term enters the computation of the C term in
a way completely analogous to our computation, and the PI remains Gaussian. So the partial
cancellation between B and C persists to hold.
For a n-point function in the cosh(  ) there are n (x
i
). Whenever two of them stem from a











) is reduced to a -function




) cancel in the cosh(  ) and lead to the n 2-point
function that cancels with the term A. So indeed it remains true for higher n-point functions
that the DS equations separately hold for every instanton sector k.
The reason for this separate cancellation is easy to understand. The Schwinger model (SM)
is wellknown to be independent of the vacuum angle  ([2], [7], [13], [14], [15]). Let us remember
how this feature may be seen quickly within the PI formalism. There the  vacuum may be
taken into account by an additional term in the action







and by integrating over all instanton congurations (summing over all k) in the vacuum func-
tional. But the additional term on the r.h.s. of (49) is nothing else than the index density. An









Usually formula (50) is derived for an innitesimal axial transformation , for a constant 





the  term may be absorbed by a simple change of the fermionic integration variables in the
PI via an axial transformation.
Our instanton vacuum corresponds to the choice  = 0. For general  a VEV from the
sector k acquires an additional phase e
ik
. Now when the SM is invariant with respect to  the
DS equations have to be invariant, too. When the DS equations enforced cancellations between
dierent instanton sectors, those cancellation conditions would acquire a  dependence. On
the other hand, when the DS equations are fullled separately for every instanton sector, they
automatically are  invariant.
Of course, the interesting question remains to be answered if these simple features of the
DS equations in an instanton vacuum may be generalized to more complicated theories.
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